GR ASSIGNMENTS 01

1. FREE RELATIVISTIC PARTICLE IN ARBITRARY COORDINATES

As you saw in the lecture, transforming from inertial (Minkowski) coordinates &°

to arbitrary coordinates z*, the free-particle equation of motion d2¢%/dr? = 0

becomes ) \
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Show that this pseudo-force term I' arising in the z* coordinate system is related

to the metric

Guv = J;jjzljnab (3)
in these coordinates by
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where g is the inverse metric and g,,,) is short-hand for the partial derivative
(09 ] 02).

2. GEODESICS

(a) GEODESICS AND EULER-LAGRANGE EQUATIONS: Show that the Euler-Lagrange

equations
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for the Lagrangian
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are the geodesic equations
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where the Christoffel symbols I, associated to a metric g,, are defined as

in Exercise 1 (eq. 4), but now for an arbitrary metric.



(b) £ 1S A CONSTANT OF MOTION: Show that £ is constant along any geodesic,

i.e. that p dt da®
xt dx
dr (g“ dr dT) ®)

for z#(7) a solution of the geodesic equation.
GEODESICS ON THE TwO-SPHERE S?: The metric of a 2-sphere with radius
Ris

ds® = R*(d6* + sin® 0d¢?) . (9)
Calculate all its Christoffel symbols, show that the geodesic equations agree

with the Euler-Lagrange equations of the Lagrangian
L=1(6%+sin?0¢%) | (10)

and show that the great circles (longitudes) (6(7), ¢(7)) = (7, ¢o) satisfy the
geodesic equation.



