SOLUTIONS TO ASSIGNMENTS 06

1. PROPERTIES OF THE RIEMANN CURVATURE TENSOR

(a)

(b)

(c)

We show that the fourth symmetry follows from (I),(II) and (III):

Ragys = —(Raspy + Raysp) = Ryasp + Rsapy
= _(Rw?ﬁa + Rvﬁaé) - (Réb’va + Ré'yaﬁ)
= 2R 505 + Rgyas + Rasya
= 2Bysap — RBpasy = 2Rysap — Rapys
=  Rapys = Rysap (1)

From (a) we directly deduce the symmetry of the Ricci tensor :
RHV = Rpupu = Rpl/pu - Rpl/p,u = RVM (2)

Writing O for the cyclic permutations in («, 3,7) and then using the third
symmetry : Rpam—i- O =0, we have :

Vi Vg, VIV A+ O = Va(RY, V) = R,5 Vo VP + R, YV, V4 O
= Va(R\g, VP + Ry V,VA+ O
= V(R 5, )V + O
= 9" [VaRuws+ OV =0 (3)

which gives the desired result.

Contracting the Bianchi identity over the indices (u, 5) and (v, ) one finds :
979" VaRuwpr+ O = g"* 9"’ [VaRuwpy + VsRuna + VyRuvas]
_ ap a B
= VaRY, + V3R, +V,RY
= —VoR*, — V3R’ +V,R
=—Va [2R*, —62R] =0 (4)

And defining the Einstein tensor as Gog = Rag — %gaBR, we see that the
contracted Bianchi identity (4) is equivalent to V*G,g = 0 because :

(0% (073 1 (67 (07
V%Gap = V*(Rap — 39apR) = 5voé(zR 5 —9%R) (5)

so that VG, =0 & V, [2RO‘7 — (50;R] = 0 where we have use the fact
that g%; = ga)‘g,\ﬁ = 56“5 simply because g™ is the inverse of gan.



2. CURVATURE IN 2 DIMENSIONS

(a)

Since the Ricci tensor is

Rop = RVMB = Rlalﬁ + R2a25 (6)

because of the anti-symmetry of the Riemann tensor in the last two indices

one has Ry; = R?%,; etc. Then the scalar curvature is

R =g Ras = g"' B35, + g2 RY 15 + g% R%y1 + 9 Rl (7)
Using
1 922 —g12
(") = srsm—ovaom ®)
g11922 — 912921 \ —g21  g11
and
Rinz = g1aR%15 = guiRY15 + g12R% )5 (9)
(and likewise for Roj12 = —Ra121) one then finds
2
R = R1212 . (10)

- 911922 — 912921

From the Euler-Lagrange equations associated to the metric ds? = da? +

e?*dy? one reads off the non-zero Christoffel symbols

Foe?P =0 =TI =—e  j42i5=0 = TY=1. (11)

Then
Royey = goaRyzy = Rypy = 0uTy, — 0T, + T3, 1y, — Ty, (12)
_ _ 2z
= 0.1, — T, Ty, = —e

and thus R = 2! (—e2%) = 2,

3. THE GEODESIC DEVIATION EQUATION (SECTION 8.3)

(a)

(b)

This is obvious (I hope) since from expansion of the deplaced equation to

first order one gets

I\ (z+ 6z) L (2" + 62”) L (2 + o27)

= 8pF‘f/A(x)5mp%x”%x’\ + 2I”f»\($)%x”%5x)‘ (13)

(the symmetry of the Christoffel symbols accounting for the factor of 2).
Starting from (here I write D/D7 instead of D)

D d dz?
St = st L T
DT v dr R\ dr

oz (14)



one can calculate the 2nd derivative D?6x# /D72,

D? d

ooyt = [0 4 T 600] + Ti® (67 + 19,60
— it (NI, )i i 0wl + TV 3 5af + 2% s (1)
+ T g1, ita" 6P

Subtracting from this the term R" A\ p:i;” #*dzP and using the geodesic equation

to eliminate ", one finds the equation

Lybat 4 20\ (2) dha” gL o0 + 9,1\ (w)6a” fea” fka =0 (16)



