SOLUTIONS TO ASSIGNMENTS 01

1. COORDINATE TRANSFORMATIONS AND METRICS IN MINKOWSKI SPACE

(a) There are (at least) 2 ways to do this calculation. The longer one is to use
the formula g, = JﬁJ,ljnab to compute the components of the metric in the

new coordinates one by one:
N N AT
grr = Maaror — ~\ar aT
= —XZcosh(T)? + X?sinh(T)? = —X? (1)

oca ot ot ot Ox O

grx = MabHrax T oToX | o7 0X

= —X cosh(T) sinh(T") + X sinh(7T") cosh(T) =0 (2)
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IXX = Mabyyax T <3X> + <8X)
= —sinh(T)? + cosh(T)* = 1 (3)

Thus, assembling the results, we can read off that the Minkowski line-element

in Rindler coordinates takes the form
ds®* = —=X?dT? + dX*> (4)

Alternatively (and this is frequently the calculationally more efficient way of
proceeding, even though in the present example it makes hardly any differ-
ence), one can simply calculate dt and dz in terms of the new coordinates
once and for all, and then plug the result into the line element to read off the

components of the metric:

t=XsinhT , x=XcoshT
dt =dX sinhT + X coshT dI' , dx=dX coshT + X sinhT dT
ds> = —(dX sinhT + X cosh T dT)? + (dX coshT + X sinh T dT)?
= —X?%dT? +dX* .

(b) With
g =TT gun = ST e (6)

we calculate, using J}'JY = 62, n%npg = 8} ete.

9" gux = NP TETY T T ea = NP TE TSy = JEIE = 6% (7)



2. FREE RELATIVISTIC PARTICLE IN ARBITRARY COORDINATES

e From
G = Nab I} (8)
one deduces
Juv ) = ﬁab(Jg,\Jg + JﬁJ}j)\) (9)
where e
= OJ, = Do N, - (10)

e Therefore one has

Luon = 3G + Gurw — Goau)
= Inap(TOJTE + JOTE + T8 TY 4 TS, — I8 I — Jet,) (1)
= nanglej)\ )
where the cancellations in passing to the last line arise from the symmetries
Nab = Mba, Jf\u = JSA etc.

e Thus (writing out everything in detail),
T4 = 9" Tpux = 1 JE T nan Ty Jon = 0 TESGmab ) 12)
= 0Ty = S5 IE I\ = TV

as was to be shown.

3. GEODESICS

(a) With the Lagrangian
1 dz# dx¥ 1 e
=3 g~ gt (13)

where g, = g, (2”) one computes

L(xH, zH)

oL 1.,
W = il‘pxualugpy (14)
oL ., 0 . . .
P gpuu’Up@x” = gp,,a:péz = gpud’ (15)
d oL P PV P 1 PV VP
ar \ 9an = Gppx" + 277 0vgpp = Gppx” + B (272" Oy gpu + 75" 0pgul)L6)
Thus the Euler-Lagrange equations become
. 1 LN 2
[E.—L.} = gﬂpa:p + 5 (aygpﬂ + apgzl,u - a,ugpl/) avaP (17)
= Gup’ + T pptPs" =0 (18)

and they can be written in the usual (geodesic equation) form by multiplying

by g™ to move the index p up:

g™ (Gupi? + TppdPa”) = i+ Fz)/\pipiy =0 (19)



(b) First we compute :

1
vild" = o <2g,wa'c'“:'c” + (o‘c”apgw)a':“ﬁc”) (20)

From the definition of the Christoffel symbols I';,,, one sees that if one sym-
metrises the 1st and 2nd index, 4 of the 6 terms cancel while 2 add up, leading

to the useful identity
0o = Lpwp +Topp (21)

Using this identity together with the fact that z#(7) is a solution to the

geodesic equation, which means that we also have

ah = =T} @i’ (22)
leaves us with
d 1 [T ) PV o) TN
%ﬁ = 5 (—2gﬂyf‘)\px #Pa” 4+ &P (Lpp + Topp) it ) (23)
1
- 3 (_QFM,,Q;%P:E” + Ty + pr):t“:'n”j:p> =0 (249

which is obviously zero if we relabel the indices.

(¢c) The metric on the 2-sphere is
ds* = R? (d6” + sin®(0)d¢?) (25)

so that in the (6, ¢) coordinates we have :

o = i ( (1) sin(()@)2 > g =R < (1) sin((;)_2 ) (26)

Because g, is diagonal and g,, = ¢u.(#), the only non-vanishing contri-
butions to the Christoffel symbols will come from terms involving OJpggse-
Keeping this in mind, we first compute the Christoffel symbols with upper

index 6,

1 1
rf, = 5999 (Dxgow + Dugor — Dogun) = —5999%9” (27)

and we see that the only non-vanishing term with 6 on the top is I‘z) 6
1 .
Fz)d) = —§g99agg¢,¢, = —sin(#) cos(0) (28)

Now if we choose ¢ to be on the top, we get

1 1
ré = §9¢¢ (Onggv + Ovgpr — Opgur) = §9¢¢ (Oxggw + Ougsn) (29)

so that the only non-vanishing terms with ¢ on the top are Fge = Fg o

cos(6)
sin ()

1
T = §9¢¢899¢¢ = (30)



With these Christoffel symbols we can now write down the geodesic equation
i* + T ,5" 3P in the (0, ¢) coordinate. We find

0+ Fg¢¢¢3 =0 —sin(0) cos(0)pp =0  p=10

cos(f) . . (31

§5+2F3¢9¢:$+2Sin(6)9¢20 "

¢

Using the Euler-Lagrange equations with £ = %(92 + sin(0)2<ﬁ2), we get :

d oL a£_1<d

4oL oL 1 fd s 5 12) _
a0 90 -2 d729 2sm(0)cos(9)¢>> 0

(;igi - gg = %% (2 sin(@)Qgﬁ) = sin(0)2¢ + 2 cos(#) sin(0)6p = 0
(32)
which are the same equations as in (31).
As discussed during the course, conversely one can simply use the Euler-
Lagrange equations to read off all the non-zero components of the Christoffel
symbol.
We can easily see that the great circles (6(7), (7)) = (7,¢0) on S? are
solutions to the equations just found. It is indeed the case because for that
particular solution ¢ is constant along a great circle, which implies ¢ = ¢ = 0
and simultaneously 6(7) = 7 so that 6 vanishes. By looking at equation (19)
or (20) we can see that every curve with 0 = ¢ = ¢ = 0 trivially satisfy both

equations and therefore such curves are geodesics.



