SOLUTIONS TO ASSIGNMENTS 01

1. FREE RELATIVISTIC PARTICLE IN ARBITRARY COORDINATES

e From
G = Nav 3T (1)
one deduces
G = Nan (T Ty + Ty (2)
where pea
Y TR 3)

e Therefore one has
Lon = 3(Guwn + Gunw — Gor)
= gnab(Sindy + Jpdon + T A TR, = TN = To 0N (4)
= UabjgjsA )
where the cancellations in passing to the last line arise from the symmetries
Nab = Mha, Jf\u = Jg)\ etc.

e Thus (writing out everything in detail),

I = g"Tpun = 0T T a5 T0y = 0 JE65na ]y

(5)
= Wcajfﬁabjfx = 5§J5J3,\ = ijgx )
as was to be shown.
2. GEODESICS
(a) With the Lagrangian
. 1 dz# dx¥ 1 o
ﬁ(m”,x“) = 5‘9“,/?? = §gu,/f17'uxy (6)
where g, = g, (2”) one computes
oL 1.,.,
W = 533/)1’ aﬂgp,, (7)
oL L, 0 ., : .
o = It = gpudloy = gpui” (8)
d a£ =P s PV 0 1 =PV SV ap
dr\on | = IouE’ + L0y gpp = gpud” + B (@72" Oy gpp + 2717 0pguu)(9)
Thus the Euler-Lagrange equations become
. 1 oy
[E.—L.} = gupxp + 5 (&/gPM + 8pguu - augpu) VP (10)
= Gupt” + Tppi’i” =0 (11)



and they can be written in the usual (geodesic equation) form by multiplying

by g™ to move the index p up:
I (Gup? + Dpupi?i”) = it + T iPi" =0 (12)

First we compute :

d. 1d

= ar

From the definition of the Christoffel symbols I';,,, one sees that if one sym-

ey 1 e . e
GudH'd” = B <2guym“x + (2P 0pguw )" ) (13)

metrises the 1st and 2nd index, 4 of the 6 terms cancel while 2 add up, leading
to the useful identity

9w = Lpwp +Topp (14)
Using this identity together with the fact that z#(7) is a solution to the

geodesic equation, which means that we also have

ah = =Tl @i’ (15)
leaves us with
d 1 b Aeper o p i
Eﬁ = 3 (—QgWF)\pac #Pi” 4+ &P (Lpup + Topp) it ) (16)
1
- 3 (—20uapi i + (T + Tupgp)3%i?) =0 (17)

which is obviously zero if we relabel the indices.

The metric on the 2-sphere is
ds* = R? (d6” + sin®(0)d¢?) (18)

so that in the (6, ¢) coordinates we have :

o = i ( (1) sin(()@)2 > g =R < (1) sin((;)_2 ) ()

Because g, is diagonal and g,, = gu., (), the only non-vanishing contri-
butions to the Christoffel symbols will come from terms involving Jpgse-
Keeping this in mind, we first compute the Christoffel symbols with upper

index 6,

1 1
o\ = 5999 (Oxgov + Ovgor — Oogun) = _596980911)\ (20)

and we see that the only non-vanishing term with 6 on the top is I‘g 6

1 .
ngb = —§g09899¢¢ = —sin(f) cos(0) (21)
Now if we choose ¢ to be on the top, we get
1 1
Loy = 9% (0396w + 0ugox — Dogun) = 59°° (Orgow + Ouger)  (22)



so that the only non-vanishing terms with ¢ on the top are Fie = I‘Z’¢ :

cos(6)
sin(6)

1
TG0 = 5909 = (23)
With these Christoffel symbols we can now write down the geodesic equation
" + T ,5" 3P in the (0, ¢) coordinate. We find

0+ ngbd)d) =0 —sin(f) cos(§)pp =0 p=10
cos(f) . . (24)

gb’+2rg¢9'q5:¢'§+2me¢=o L=q

Using the Euler-Lagrange equations with £ = %(92 + sin(0)2<ﬁ2), we get :

drog 90 2

doL oL 1/[(d
dr

—26 — 25sin() COS(H)QZ}2> =0

(Zgi - gg = %% (2 sin(@)Qgﬁ) = 5in(0)2¢ + 2 cos() sin(0)6¢p = 0
(25)

which are the same equations as in (31).

As discussed during the course, conversely one can simply use the Euler-
Lagrange equations to read off all the non-zero components of the Christoffel
symbol.

We can easily see that the great circles (6(7), (7)) = (7,¢0) on S? are
solutions to the equations just found. It is indeed the case because for that
particular solution ¢ is constant along a great circle, which implies ¢ = ¢ = 0
and simultaneously 6(7) = 7 so that 6 vanishes. By looking at equation (19)
or (20) we can see that every curve with 6= gb = qZ) = 0 trivially satisfy both
equations and therefore such curves are geodesics.



