SOLUTIONS TO ASSIGNMENTS 06

1. PROPERTIES OF THE RIEMANN CURVATURE TENSOR

(a)

Contracting the cyclic symmetry property (first Bianchi identity) of the Rie-
mann tensor over any pair of indices, e.g. (@), and using the anti-symmetry

in the first and second pair of indices, one finds
0= gav(Ra/gva + Ronsp + Raggy) = Rgs +0— Rsp . (1)

Writing O for the cyclic permutations in («, 3,7) and then using the cyclic
symmetry R’ wgy T O =0, we have

Vo Vo, VAIVAH O = Va(RY5, V) = R Vo VP + R, V VA4 O
= Va(RY5,)V? + R, V V4 O
= Va(RY)5,)VP+ O
= g™ [VaRups+ O VY =0 (2)

which gives the desired result.

Contracting the Bianchi identity over the indices (u, 5) and (v, «) one finds :
9" g’ [VaRuwpy+ O =g"g"’ [VaRuwsy + VaRuna + VyRuas]
_ ap af ap
=VaR" + VR, +V,R" ;5
= —VoR® — V3R’ +V,R
=—Va. [2Ra7 — 50;]%} =0 (3)

And defining the Finstein tensor as Gog = Rog — %gagR, we see that the
contracted Bianchi identity (4) is equivalent to V*G,3 = 0 because :

1
VGag = V*(Rap — 29asR) = §VQ(2R0‘ — 9%R) (4)

so that VG, =0 & V, [QRO‘7 - 5%R] = 0 where we have use the fact
that 9% = go‘/\g,\ﬁ = 50‘5 simply because g™ is the inverse of gg.

2. ON THE KLEIN-GORDON FIELD IN A CURVED SPACE-TIME

The action is

S[b, gasl = / Vodtz L= -1 / Vad*z (9" 0,00, ¢ + m*¢?) (5)

and the energy-momentum tensor is

Tog = 000309 + gapL (6)



(a) To show that the energy-momentum tensor is covariantly conserved we will
use 0,0 = V¢, the commutativity V,V,¢ = V,V, ¢ of the covariant
derivative on scalars, and the fact that ¢ is a solution to the Klein-Gordon
equation VAV ¢ = m?2¢, then the result follows:

VMT;LV = Vu(a,u¢al/¢) + VM(QW,L)
1
= VH(0u0050) = 5Vu(01606 +m?¢?)

= 3V¢V“3u¢ + 8u¢v#81/¢ - 6A¢VV8A¢ - m2¢vu¢

= 0,0 M’ + 0,0V 'V, — NGV 'V, — m? ¢V, =0 . (7)

(b) The variation of the action with respect to the metric is

58 = / d* (6(/9)L + /g6L) = —% / d*e\/g (g Log"” — 26L)  (8)

(valid for any Lagrangian L). Using §(¢"*0,¢0,¢) = (6g"")0,¢$0, ¢, one finds

1 1
0S8 = 9 /d4$\/§(9uuL + 0up0y$)dg"" = 2 /d4$\/§TuV59W (9)
as claimed.

3. ON THE MAXWELL EQUATIONS IN CURVED SPACE-TIME The action is

S[Au, gus] = / Jida L= 1 / JGd e Fas PP (10)
and the gauge-invariant and generally covariant energy momentum tensor is
Top = FornFy = 19apFrs F7 (11)
(a) We compute, using V“FW‘ =0,
VT =V (FAF — Lo F\ ) = FAV, F" — F\ VY Y

= Fy (VF™ = 59V F) = LE, (V9P = VIFY - V7 i)
(12)
Uinsg the anti-symmetry of F', one can write this as

VvV, T = —Lip  (VAFY* 4 VFFY £ VVFRA) =0 (13)
1 27 F

(b) For the metric variation of the action, we can also use the general formula
(8). For the variation of the Lagrangian with respect to the metric, we note
that

5(gu>\ngFuuF>\p) = 2(5gu>\>ngFuuF)\p = 2(59MV)9APF;MFI/p = 2(591“/)}7‘”)\].7‘”)\

(14)
and therefore —20L = ((5g’“’)F,MF,/)‘. Putting the pieces together one gets
(11).



