
Solutions to Assignments 06

1. Riemann Curvature Tensor and Differential Identities

(a) Writing 	 for the cyclic permutations in (α, β, γ) and then using the cyclic

symmetry Rραβγ+ 	 = 0, we have (for any V )

0 = [∇α, [∇β,∇γ ]]V λ+ 	

= ∇α(RλρβγV
ρ)−Rλρβγ∇αV ρ +Rραβγ∇ρV

λ+ 	

= (∇αRλρβγ)V ρ +Rραβγ∇ρV
λ+ 	 = (∇αRλρβγ)V ρ+ 	

⇔ ∇αRλρβγ+ 	= 0 .

(1)

(b) Contracting the Bianchi identity over the indices (µ, β) and (ν, α) one finds

0 = gµαgνβ [∇αRµνβγ +∇βRµνγα +∇γRµναβ ]

= ∇αRαββγ +∇βRαβγα +∇γRαβαβ
= −∇αRαγ −∇βRβγ +∇γR = −∇α

[
2Rαγ − δαγR

]
⇔ ∇αGαβ ≡ ∇α(Rαβ − 1

2gαβR) = 0

(2)

(c) The identity [∇α,∇β]T γδ = RγεαβT
εδ +RδεαβT

γε implies

[∇α,∇β]Tαβ = RαεαβT
εβ+RβεαβT

αε = RεβT
εβ−RεαTαε = Rαβ(Tαβ−T βα) = 0

(3)

because Rαβ = Rβα is symmetric.

(d) Because of this identity and the fact that Fαβ = −F βα, one has

−∇βJβ = ∇β∇αFαβ = 1
2 [∇β,∇α]Fαβ = 0 . (4)

2. Curvature of a class of 2-dimensional Metrics

The Lagrangian L = (ẋ2 + f(x)2φ̇2)/2 implies the Euler-Lagrange equations ẍ−
ff ′φ̇2 = 0 and φ̈+ 2(f ′/f)ẋφ̇ = 0, where f ′ ≡ df/dx. From this one reads off the

non-zero Christoffel symbols Γxφφ = −ff ′,Γφxφ = Γφφx = f ′/f , and thus

Rxφxφ = Rxφxφ = ∂xΓxφφ − ∂φΓxφx + ΓxxαΓαφφ − ΓxφαΓαφx

= ∂xΓxφφ − ΓxφφΓφφx = −(f ′)2 − ff ′′ + (ff ′)(f ′/f) = −ff ′′

⇒ Rφxφx = gφαRαxφx = gφφRφxφx = Rφxφx/f
2 = Rxφxφ/f

2 = −f ′′/f

⇒ Rxx = Rαxαx = Rφxφx = −f ′′/f , Rφφ = Rxφxφ = −ff ′′ , Rxφ = 0

⇒ Rαβ = −(f ′′/f)gαβ ⇒ R = −2f ′′/f

(5)
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