SOLUTIONS TO ASSIGNMENTS 07

1. RIEMANN CURVATURE TENSOR AND DIFFERENTIAL IDENTITIES

(a) Writing O for the cyclic permutations in (a, 3,7) and then using the cyclic
symmetry Rpaﬁ’y+ O = 0, we have (for any V)

0= [Va,[Vs, V]V + O

= Va(R5,V?) = R\5 Vo VP + R 5 YV, V4 O

= (VaR\5 VP + R 5 V, VA O = (VaRY 5, )VP+ O

(1)
< Valpyt+O=0 .
(b) Contracting the Bianchi identity over the indices (i, 8) and (v, «) one finds

0=g'g"” [VaRuwpy + VaRuya + VyRuvag]
_ ap e af
= VaR™, + V3R, +V,RY
= —VoR® — VR’ +V,R=-V,[2R", — 6%R)|
& V%Gap = V*(Rop — 390sR) =0

(2)

(¢) The identity [V, Vg|T? = R aﬁTﬁ‘s + R, 517 implies

[VOH VB]TQB = CéaﬂTeﬁ—i_RﬁeaﬁTae = ReBTCB_ReaTae = Raﬂ(Taﬁ—TBa) =0
(3)

because R,3 = Rg, is symmetric.

(d) Because of this identity and the fact that F*# = —F5 one has
V)P = VgV P =1V, VJFP =0 . (4)

2. CURVATURE OF A CLASS OF 2-DIMENSIONAL METRICS

The Lagrangian £ = (i + f (3:)2¢52) /2 implies the Euler-Lagrange equations & —
ff'd*=0and ¢+ 2(f'/f)i¢ =0, where f’ = df /dz. From this one reads off the
non-zero Christoffel symbols I'f, = —f ', Ff(b = sz = f'/f, and thus

R$¢~T¢ = Rx(j)xd) = a’tr% - 8¢F£z + Fioc gqﬁ - éa gz
= 0,10, — T4, 00, = —(f)2 = £+ (L)) = —1f"

= Rd;;¢g: = g¢aRaz¢x = g¢¢R¢m¢>z = R¢z¢m/f2 = Rx¢m¢/f2 = _f///f
= Rx:c = Roéax = Rd;ujw = _f///f ) R¢¢ = Rxd)zd) = _ff” ) de) =0

= Rag=—(f"/flgas = R=-2f"/f
(5)



