
KFT Solutions 02

1. Action for a free particle

The action is

S[x] = −mc2
∫
dτ = −mc2

∫
dλ(dτ/dλ) ≡

∫
dλ Lλ (1)

with Lλ = −mc2(dτ/dλ).

(a) The momentum is

pα =
∂Lλ
∂x′α

= −mc 1
2

(
−ηαβx′αx′β

)−1/2 (
−2ηαβx′β

)
= mc ηαβ

(
cdτ

dλ

)−1 dxβ
dλ

= mηαβ
dxβ

dτ
= muα

(2)

or pα = muα. In an inertial system with cordinates (x0 = ct, xk), and with

vk = dxk/dt one has

p0 = mγ(v)c = E/c , pk = mγ(v)vk . (3)

(b) The Euler-Lagrange equation is

d

dλ

∂Lλ
∂x′α

− ∂Lλ
∂xα

=
d

dλ

∂Lλ
∂x′α

= 0 (4)

and

d

dλ

∂Lλ
∂x′α

=
dτ

dλ

d

dτ
muα =

(
mηαβ

dτ

dλ

)
d2xβ

dτ2
= 0 ⇔ d2xβ

dτ2
= 0 . (5)

(c) The Lagrangian is

Lt = −mc2
dτ

dt
= −mc2

√
1− ~v2/c2 = −mc2γ(v)−1 . (6)

Thus the canonical momenta are

p
(c)
k =

∂Lt
∂vk

= (−mc2)γ(v)(−vk/c2) = mγ(v)vk = pk , (7)

and the canonical Hamiltonian is

H = p
(c)
k vk − Lt = mγ(v)~v2 +mc2γ(v)−1

= mγ(v)(~v2 + c2(1− ~v2/c2)) = mγ(v)c2 = E = cp0 .
(8)

(d) The covariant Hamiltonian is

Hλ = pα
dxα

dλ
− Lλ = pα

dxα

dτ

dτ

dλ
+mc2

dτ

dλ
. (9)

With pα = mdxα/dτ this can be written as

Hλ =
1

m

(
pαpα +m2c2

) dτ
dλ

(10)

which proves both assertions, namely that Hλ = 0 and that this is equivalent

to the mass-shell condition.
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