KFT SoLutions 04

1. LORENTZ INVARIANTS

(a)
L = iFFf =1 (FuF% + FoF" + F;F)
= L () + (Fy)?) = 3 (B2 - 2 F?) (1)
L = i WP = i (FOiFOi + FyF + Ejﬁi])
= % (20_1E2'B7; + EijkBkC_1€ilel) = C_lE: . g (2)

where one has used eijleijk = 252. If E = 0 in one inertial system, then I; > 0
and I, = 0 in all inertial systems, and thus E.B = 0 and |E| < |B| in all
inertial systems.
(b)
81y = €M Fg By = 265099, Ag) o = 20, (€77 AgFys)  (3)
because €*%799,F.,5 = 0 (Bianchi identity). Thus I is a total derivative,

Iy = 0,C% C% is not gauge invariant but changes by a total derivative

under a gauge transformation,
Eaﬁ’yéAﬁFAﬂ; — e”‘ﬁV‘S@B@wag = 85(6(15751/)F75) (4)

2. LORENTZ TRANSFORMATION OF B:

Using Fag = A Aﬁ‘SF,y(; one wants to compute the transformation of Fj; which
contains the magnetic field components. To do this we need Aaﬁ which is obtained

from L% by inverse transposition, which gives

cosha sinha 0 0
(Aaﬂ) _ sinha cosha 0 0 (5)
0 0 10
0 0 0 1
With it one computes :
E] = Aifij(SFv(s = AiOAleol + AikAjOFkO + AzkA]lel
- (A;JAJ! - A;Ajo) For + AFAFy (6)
such that
Fio = sinhaFyy + coshaFs = —¢ 'y8Ey + vBs (7)
Fyy = Fhg (8)
F31 = —sinhaFys + coshaFs = ¢ 'yB3Es + vBy (9)



from which one can read off the transformation of the magnetic field :

Bl = B
By = 4By+c 'ByEs

By = B3 —c 'ByE,y



