
KFT Solutions 03

1. Inhomogeneous Maxwell-Equations and Potentials

(a) Under the gauge transformation Aβ → Aβ + ∂βΨ, Fαβ transforms as

∂αAβ − ∂βAα → ∂αAβ + ∂α∂βΨ− ∂βAα − ∂β∂αΨ = ∂αAβ − ∂βAα (1)

and therefore Fαβ is gauge-invariant.

(b) With Aα = (−φ/c, ~A) one has

F0k = −Fk0 = ∂0Ak − ∂kA0 = c−1(∂tAk + ∂kφ) = −Ek/c

Fik = ∂iAk − ∂kAi = εik`B` (F12 = B3 etc.)
(2)

and therefore, with Fαβ = ηαγηβδFγδ,

F 0k = −F k0 = −F0k = Ek/c , F ik = Fik = εik`B` . (3)

(c) Thus, with Jα = (ρc, ~J) one has

∂αF
α0 = ∂kF

k0 = −c−1~∇. ~E = −ρ/(ε0c) = −µ0cρ = −µ0J0 (4)

and

∂αF
α1 = ∂0F

01 + ∂2F
21 + ∂3F

31 = c−2∂tE1 − ∂2B3 + ∂3B2

= −(~∇× ~B − 1

c2
∂t ~E)1 = −µ0J1 = −µ0J1

(5)

(and likewise for the 2- and 3-components).

(d) One has

∂αF
αβ = ∂α∂

αAβ − ∂α∂βAα = 2Aβ − ∂β∂αAα = −µ0Jβ (6)

and therefore 2Aβ − ∂β∂αAα = −µ0Jβ.

(e) One has

2(Aβ + ∂βΨ)− ∂β∂α(Aα + ∂αΨ) = 2Aβ + ∂β2Ψ− ∂β∂αAα − ∂β2Ψ (7)

Since the 2Ψ-term cancels, the expression is gauge invariant.

(f) From ∂αF
αβ = −µ0Jβ one deduces −µ0∂βJβ = ∂β∂αF

αβ = 0 because Fαβ =

−F βα is anti-symmetric while ∂α∂β = ∂β∂α is symmetric.
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