KFT SoLutions 04

1. THE HOMOGENENEOUS MAXWELL-EQUATIONS
(a) One has 0nFgy = 0n08Ay — 0.04Ap etc. Using the fact that 2nd partial
derivatives commute one deduces

OaFlgy + Oy Fop + OpFya

1
= 0a0A, — 0,00 A + 0,00 As — 030y Ag + 0505 Ag — Dads Ay =0 ®

(b) OaFpy + 0gFya + 0yFp =0
i. Two indices equal (a = f3, say): OnFay + 00 Fya+0yFaq = 0 is identically
satisfied because o = 0, Fioy + Fyq = 0.
ii. All 3 indices spatial, (o, 8,7) = (1,2, 3):

O Fo3 + 09 F31 + O03F5 = 01B1 + 0By + 93B3 = 65 =0 (2)
iii. One index time, the others spatial, e.g. (o, 8,7) = (0,1,2):

B Fio+01 Fao+02Fy1 = ¢ (0 B3+ 01 By — 82 Ey) = ¢ H(VX E+8;B)3 = 0

(3)
(and likewise for the other components).
2. THE DUAL FIELD STRENGTH TENSOR
The dual field strength tensor is defined by
FoP = 1P s (4)

With Fy; = —¢ L'E;, Fj; = €, By, and Fob — %eo‘ﬁ”‘st one gets for the non-zero
components of Fo5
Foi — %EOiV(;Fryé — %EOUkF_]k — %GOijkEjlel — _B'L (5)
Fij = %EistF,yg = 6ij0kF0k = —C_leijOkEk = C_IEijkEk . (6)
Note that F*# can be obtained from F by the replacement B — E/c, E /c — —B
(“electro-magnetic duality transformation”).

The equation 9y F*% = 0 can then be written as

OFN — 9% =% . B =0 (7)
MFN = §yFY 4 9;FT = —¢19,B; — ¢ Y€ 0 E
1 S o
_ _7(8tB+V><E> =0, (8)
c J

which proves the assertion.



3. LORENTZ INVARIANTS

(a)
L = %FaﬁFaB =1 (FOiFOi + FpoF™ + FijFij)
= b () () = 3 (B - ) (9
I, = 1FgF¥=1 (FOiFOi + FyoF™ + Ejﬁij>
= 1 (20’1EZ-BZ~ + eijkBkcfleiﬂEl) —c'E-B (10)

where one has used eijleijk = 252. If E = 0 in one inertial system, then I; > 0
and Iy = 0 in all inertial systems, and thus E.B = 0 and |E| < |B| in all
inertial systems.

(b)
8I) = PV, 35 = 2¢*9% (9, Ag) F5 = 20, (EQBM;ABFM;> (11)

because €999, F,s = 0 (Bianchi identity). Thus 5 is a total derivative,
I, = 0,C% C¢ is not gauge invariant but changes by a total derivative

under a gauge transformation, because
ePVAGE 5 — P AGF 5+ P95 F, 5 (12)

and
PG Fs = (PP, 5) (13)

(again by the Bianchi identity).



