SOLUTIONS TO ASSIGNMENTS 06

1. Noether Current and Noether Energy-Momentum Tensor for Field Theories

(a) A rotation in the ®;, ®, field space is

of] N co‘s v siny P, (1)
02 —siny cosvy 02
Therefore an infinitesimal rotation in the ®¢, ®5 field space reads

A‘I’l = ’y‘I)g s A‘I)g = —"y‘I’l . (2)

Under such a transformation, the potential V (®? + ®2) is trivially invariant

and the kinetic term can also be seen to be invariant,
1
S = / B 2 (00 D10 Dy — Dy B10°B) =0 = AS=0. (3)

The current in given by

a 8[1 QU (6%
T3 = G A0 = 1 (B0 — 0,0) )

and for a solution ®, to the equations of motions

0d, = 38;)/ =2V'(®% + 03)9, (5)
one can explicitly check that
anK = —v (8a‘131(9a‘1)2 + &0y — 9,D20P — Q)QD(IH)
= 29 (P1Py — Do®) V(B2 +P3) =0. (6)

(b) The canonical (Noether) Energy-Momentum Tensor (or Stress-Energy tensor)

is given by
1
0% = —0“®,05P, + 6% <28”’<I>a&,¢>a + V(<I>a)> . (7)
It is conserved for ®, a solution to the equations of motion O, = 8%/(1 :
0a0% = —00,059, — 0"Pu0005Pa + 07 P00, Po + 05V (P0)
oV
= — 050, + 05V (D) = 0. (8)
0%,

2. The Maxwell Energy-Momentum Tensor



(a)

We rewrite the covariant energy-momentum tensor as
T% = —F*Fg, + 26% F? = —~F*95A, + 10% F? + F*10, A4
= @aﬁ + 67(FOWA5) — (87F"7)A5 .
The 2nd term is identically conserved, 9,0 (F“YAg) = 0 because of symmetry

/ anti-symmetry, and the 3rd term is zero for a solution to the sourceless

Maxwell equations.

Since the Lagrangian L is gauge invariant, one has

AL = AL = 9,(e"L) (10)
and therefore
OL Ry —eop— (=F“7Fy + 360 F?)et = T%e" (11)
mv€* py T gOut)en = Ly
The trace of T%‘, is
T% = —F7Fpy + 16% F\sF’ = —F*F,, + FsF° =0.  (12)

Then one shows that Ti,5 is symmetric computing
Taﬂ = 7704’YT,)5/ = —FapFﬂp —+ %naﬂFngp(s s (13)
and using the fact that 1,z and F,"Fg, = Fo,F ﬂp =F ﬂp F,, are symmetric.
The component T% is
79 = —FYFy+ 1FsF"
: 1
= —(c'EY(—c'E) + LY(B* - ¢ ?E?) = 3 (E*/c* + B?) , (14)
where %FV(;F 7% has been computed in assignments 04 (exercise 3). The com-
ponent T’é is
TIB = —FIWF()A/ = —ijF()j = EkjiBicilEj = CilekjiEjBi = Sk/c = Sk/c
(15)
One easily computes (Lines 1+4-2)
0aTP = —FF 0,F* — F10,F" + in*PF°0,F,5 16)
— nﬂ/\Fﬁﬂia&FM + %UABF%@AF%

where the Maxwell equation 0, F%” = 0 was used in the 1st term, and some
indices have been relabelled in the 2nd term to make it more similar to the
3rd term. Now we can use the antisymmetry of F7? to rewrite the 2nd term
as (Line 3)

PAF 05 Fy = 302 F(95Fyy — 04 F)s) . (17)

Plugging this into the previous result and using the homogeneous Maxwell

equations, one finds (Line 4)

0T = I FY (9\Fys + OsFyy + 0,F5)) = 0. (18)



