
Solutions to Assignments 06

1. The Maxwell Energy-Momentum Tensor

(a) We rewrite the covariant energy-momentum tensor as

Tαβ = −FαγFβγ + 1
4δ
α
β F

2 = −Fαγ∂βAγ + 1
4δ
α
β F

2 + Fαγ∂γAβ

= Θα
β + ∂γ(FαγAβ)− (∂γF

αγ)Aβ .
(1)

The 2nd term is identically conserved, ∂α∂γ(FαγAβ) ≡ 0 because of symmetry
/ anti-symmetry, and the 3rd term is zero for a solution to the sourceless
Maxwell equations.

(b) ∆Aα = εµ∂µAα evidently implies that

∆F (A) = εµ∂µF (A) (2)

for any tensorial object F (A) constructed from A. For Fαβ one can also
explicitly (but unnecessarily) verify this from

∆Fαβ = ∂α∆Aβ − ∂β∆Aα = εµ(∂α∂µAβ − ∂β∂µAα) = εµ∂µFαβ . (3)

In particular, for the Lagrangian L(A) = −FαβFαβ/4, which does not depend
explicitly on the coordinates x, one has

∆L(A) =
d

dxµ
(εµL) . (4)

Since ∆̃A differs from ∆(A) by a gauge transformation, its action on any
gauge-invariant tensorial object constructed from A agrees with that of ∆A,

F (A) gauge invariant ⇒ ∆̃F (A) = ∆F (A) = εµ∂µF (A) (5)

For Fαβ one can also explicitly (but unnecessarily) verify this from

∆̃Fαβ = ∂α∆̃Aβ − ∂β∆̃Aα = εµ(∂αFµβ − ∂βFµα) = εµ∂µFαβ , (6)

where we made use of the Bianchi identity. In particular, since L(A) is gauge
invariant one has

∆̃L(A) = ∆L(A) =
d

dxµ
(εµL) , (7)

and one can apply Noether’s theorem to ∆̃.

(c) Doing this one obtains the quadruplet of conserved currents

J̃α =
∂L

∂(∂αAγ)
∆̃Aγ − εαL = (−FαγFµγ + 1

4δ
α
µF

2)εµ = Tαµε
µ , (8)

and thus one finds directly the correct covariant energy-momentum tensor of
Maxwell theory.
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(d) The trace of Tαβ is

Tαα = −FαγFαγ + 1
4δ
α
α FγδF

γδ = −FαγFαγ + FγδF
γδ = 0 . (9)

Then one shows that Tαβ is symmetric computing

Tαβ = ηαγT
γ
β = −F ρ

α Fβρ + 1
4ηαβFρδF

ρδ , (10)

and using the fact that ηαβ and F ρ
α Fβρ = FαρF

ρ
β = F ρ

β Fαρ are symmetric.

(e) The component T 0
0 is

T 0
0 = −F 0iF0i + 1

4FγδF
γδ

= −(c−1Ei)(−c−1Ei) + 1
2(B2 − c−2E2) =

1

2

(
E2/c2 +B2

)
, (11)

where 1
4FγδF

γδ has been computed in assignments 04 (exercise 3). The com-
ponent T k0 is

T k0 = −F kγF0γ = −F kjF0j = εkjiBic
−1Ej = c−1εkjiEjBi = Sk/c = Sk/c

(12)

(f) One easily computes (Lines 1+2)

∂αT
αβ = −F βγ∂αFαγ − Fαγ∂αF βγ + 1

2η
αβF γδ∂αFγδ

= ηβλF γδ∂δFλγ + 1
2η

λβF γδ∂λFγδ
(13)

where the Maxwell equation ∂αFαγ = 0 was used in the 1st term, and some
indices have been relabelled in the 2nd term to make it more similar to the
3rd term. Now we can use the antisymmetry of F γδ to rewrite the 2nd term
as (Line 3)

ηβλF γδ∂δFλγ = 1
2η

βλF γδ(∂δFλγ − ∂γFλδ) . (14)

Plugging this into the previous result and using the homogeneous Maxwell
equations, one finds (Line 4)

∂αT
αβ = 1

2η
λβF γδ (∂λFγδ + ∂δFλγ + ∂γFδλ) = 0 . (15)
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