SOLUTIONS 06

1. Noether Energy-Momentum Tensor
The claim follows from
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2. Noether Energy-Momentum Tensor for a Scalar Field

The action is
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The energy-momentum tensor is
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The claim follows from
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3. Maxwell Energy-Momentum Tensor

Tab = Fachc - %nachdFCd .

(a) see the Lecture Notes

(b)
ArA, = 67Ac + 0(PAp) = —€"Fe |

is a variation, and therefore

A7F.g = 0.ArAq — 04ATA. = —€*(0cFpq — 9aFre) -

Ot + N L = 0a00pd — Nap(5(00)* + V() .

(1)



The Bianchi identity implies

OcFya — Oabpe = —O0cFap — Oabpe = +0pFra (8)
and therefore
ArFog=—0yFoq = 67F,q . (9)
One has
AL = 6pL — dia (—e°L) . (10)

Therefore the conserved currents are
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Typ is symmetric:

Fy Ff = FfFye = FuoF© (12)
(M M? is symmetric for any matrix M ...). Therefore Ty, = Ty,.
T, is traceless:
In D spacetime dimensions one has (the expression for Ty, is valid for any
D)
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a =
so this is zero precisely for D = 4.

From (5) we find
0Ty = (0“Fae) Fy° + Fuc0"Fy° — $(0pFog) (14)

The Maxwell equations imply that the first term on the right-hand side is
zero. In order to be able to combine the remaining terms, we relabel and

raise/lower the indices such that

Fue0"Fyf — 2 (0yFog) F* = F°0, Fye — 3(0pFue) F* = F (0 Fye — 30pFuc)

(15)

Since F* = —F“, only the anti-symmetric part of 9,F;. contributes, and
therefore we anti-symmetrise explicitly, to find

Fac(aanc - %abFac) = %Fac(aanc - acha - abEzc) (16)

Finally, by the homogeneous Maxwell equations, the term in brackets is zero,

8anc - acha - abFac = 8anc + acFaLb + 8cha =0. (17)



