SOLUTIONS TO ASSIGNMENTS 01

1. THE LORENTZ GROUP The first claim follows from multiplicativity of the deter-

minant (and invariance under transposition):
L"™nL=n = det(LTnL) =det(n) = det(L)?>=+1 . (1)
The second claim follows fom writing (L7 nL)og = noo explicitly,

|
NapL§ L'y = oo = —1
= nooLLY + ni LELY = —(L9)? + o LiLE, = —1 (2)
= (L9 =1+ 6 LiLk > 1 .
Remark: It is trivial to verify that
LinLy=n,Linky=n = (LiL2)"n(LiLs) =7 . (3)

Existence of an inverse L~ follows from det L # 0 (shown above). That L € £ =
L=t € £ follows from

L™nL=n & n=(L )L™ . (4)
Thus Lorentz transformations indeed form a group.

2. TENSOR ALGEBRA: LORENTZ TENSORS

By definition a Lorentz vector transforms as

7% = L%U’B , (5)
and a Lorentz covector as
o = Mg (6)
with
A=IL")7 e A2 =4 . (7)

This definition is such that the contraction between a vector and a covector is a

scalar (invariant under Lorentz transformations),
7.0% = ABLe Y= 68 Y — B _ a
Un U o Lougv Jupv’ = ugv” = ugv® . (8)

Higher rank tensors transform like products of vectors and covectors, i.e. a (p,q)
tensor transforms with p factors of L and ¢ factors of A and is written as an object

with p upper indices and ¢ lower indices.

By the same calculation as above one then finds that any contracted pair of indices
on a tensor (summation over one “upper”’ and one “lower” index) is invariant.
Therefore the tensor type of the resulting object can be read off just by looking at

the number of uncontracted upper and lower indices. For example:



(a)

for the contraction of a (2,0)-tensor and a (0, 1)-tensor (covector) one has
T%ug = Lo L T A fu, = L%, 8 T4, = L2, (T7%us)  (9)

so that T%ug transforms like (and therefore is) a (1,0)-tensor (vector), as

indicated by the fact that this object has one free upper index.

likewise the trace of a (1, 1)-tensor is a scalar,
o B _ sV B — b
T% = LYAJTP, = 6%, T8, = T, (10)

[0}

Note that the trace of a (0,2)-tensor T,g is not well-defined without using
the Minkowski metric, i.e. something like

trace(Tog) = Y Taa  (?77) (11)

is not Lorentz-invariant and therefore depends on the inertial system in which
it is evaluated. However, with the help of the Minkowski metric one can define

a Lorentz-invariant trace (i.e. a scalar) via
Tog = T =0Ty = T4 =" Tha (12)

(“taking the trace with respect to 1”). This is now manifestly a scalar.

3. TENSOR ANALYSIS: LORENTZ TENSORS AND THEIR DERIVATIVES

As recalled in the previous exercise, the formalism is designed in such a way that

the transformation behaviour (tensorial nature) can just be read off from the free

indices. This extends to partial derivatives of tensors.

(a)

Set
0 0
— =M . 13
ox™ * 9xP (13)
We will show that M = A. To that end, use the chain rule to write
0 oxY 0 0
TR — — g2
TEL T T aRom  fom 49
and plug this into the previous equation,
0 0
Y _mBr 2
oza ~ Malaggy - (15)
to conclude
MILy =6, & MP=A] . (16)

It follows that the partial derivative of a scalar function f, i.e. f(Z) = f(z),

is a covector, and we will abbreviate it by d,f etc.

More generally, d, acting on a (p, ¢)-tensor gives a (p, ¢+ 1)-tensor. Then the
answers are immediately V0, f scalar, V*0g f (1,1)-tensor, 0,V “ scalar (the
covariant divergence), f0,V® scalar, 0,V3 (0,2)-tensor, 0,0gf (0,2)-tensor,
and V03V, covector.



