
KFT Solutions 04

1. The Homogeneneous Maxwell-Equations

(a) One has ∂aFbc = ∂a∂bAc − ∂a∂cAb etc. Using the fact that 2nd partial deri-

vatives commute one deduces

∂aFbc+∂bFca+∂cFab = ∂a∂bAc−∂a∂cAb+∂b∂cAa−∂b∂aAc+∂c∂aAb−∂c∂bAa = 0

(1)

(b) ∂aFbc + ∂bFca + ∂cFab = 0

i. Two indices equal (a = b, say): ∂aFac + ∂aFca + ∂cFaa = 0 is identically

satisfied because Fαα = 0, Fαγ + Fγα = 0.

ii. All 3 indices spatial, (a, b, c) = (1, 2, 3):

∂1F23 + ∂2F31 + ∂3F21 = ∂1B1 + ∂2B2 + ∂3B3 = ~∇. ~B = 0 (2)

iii. One index time, the others spatial, e.g. (α, β, γ) = (0, 1, 2):

∂0F12+∂1F20+∂2F01 = c−1(∂tB3+∂1E2−∂2E1) = c−1(~∇× ~E+∂t ~B)3 = 0

(3)

(and likewise for the other components).

2. The dual field strength tensor

The dual field strength tensor is defined by

F̃ ab = 1
2ε
abcdFcd . (4)

Therefore

F̃ 01 = 1
2ε

01cdFcd = 1
2(ε0123F23 + ε0132F32) = ε0123F23 = −F23

F̃ 23 = 1
2ε

23cdFcd = ε2301F01 = ε0123F01 = −F01

(5)

etc. In terms of ~E and ~B this means

F̃ 01 = −B1 , F̃ 23 = E1/c (6)

etc. The equation ∂aF̃
ab = 0 can then be written as

∂aF̃
a0 = ∂iF̃

i0 = ~∇ · ~B = 0 (7)

∂aF̃
aj = ∂0F̃

0j + ∂iF̃
ij = −c−1∂tBj − c−1εjik∂iEk

= −1

c

(
∂t ~B + ~∇× ~E

)
j

= 0 , (8)

which proves the assertion.
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3. Lorentz Invariants

Using εijlεijk = 2δlk, one has

I1 = 1
4FabF

ab = 1
4

(
F0iF

0i + Fi0F
i0 + FijF

ij
)

= 1
2

(
~B2 − c−2 ~E2

)
(9)

I2 = 1
4FabF̃

ab = 1
4

(
F0iF̃

0i + Fi0F̃
i0 + FijF̃

ij
)

= 1
4

(
2c−1EiBi + εijkBkc

−1εijlEl

)
= c−1 ~E · ~B (10)

If ~E = 0 in one inertial system, then I1 > 0 and I2 = 0 in all inertial systems, and

thus ~E. ~B = 0 and | ~E/c| < | ~B| in all inertial systems.
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