SOLUTIONS TO ASSIGNMENTS 01

1. THE LORENTZ GROUP

(a) The first claim follows from multiplicativity of the determinant (and invari-

ance under transposition):
L"™nL=n = det(LTnL) =det(n) = det(L)®=+1 . (1)
The second claim follows fom writing (L7nL)og = noo explicitly,

a 1b !
Nab L0 L% = moo = —1
= nooLoLY + nikLoLYy = —(L9) + 6 Ly Ly = —1 (2)
= (L)?=1+6sLiLH>1 .

(b) It is trivial to verify that
LinLi=n , Linle=n = (Lil)"n(LiLls) =17 . (3)

Existence of an inverse L™! follows from det L # 0 (shown above). That
Le L= L e L follows from

L'nL=n & n=(L YL '. (4)

Thus Lorentz transformations indeed form a group.
(¢) e Matrix Calculation
One can use the good old matrix formalism. For an infinitesimal Lorentz
transformation, with L = 14w, the defining condition LT nL = 1 reduces
to
A4+w)nl+w) =19 = n+wln+nw=n 5)
= ()" + () =0 .

In components, nw is the matrix

(nw)ab = nacwcb = Wab (6)

and thus anti-symmetry of nw means wp, = —Wgp-
e Calculation in Components
For the following it will be much more useful to learn how to do such

calculations directly in components. With L9 = §%+w¢, one has (writing



out everything in detail, please make sure that you understand all the
steps)
NabLLY = nap (5% + wh) (8% + ')
= 0ab6%0% + Napd %’ + Napw -
= Ned + ncbwbd + nadwac = Ned + ncbwbd + ndawac
!
= Ned + (W) ea + (MW)de = Ted

which implies the anti-symmetry of nw,
(nw)ea = —(Mw)de - (8)

Example: in (1+ 1) dimensions, a boost with rapidity « has the matrix form

L(a) = ( cosha  —sinh a) (9)

—sinha  cosh o

For small (infinitesimal) rapidities «, L(cr) reduces to

L(a) ~ ((1) (1)> +a (_01 _01) 14w, (10)

Note that the second term is not (yet) anti-symmetric, but in accordance

with the general result derived above, its product with 7 is,

wee(G GG Y)W



