KFT SoLutions 06

1. THE HOMOGENENEOUS MAXWELL-EQUATIONS

(a) For Gap = Gy (totally) anti-symmetric, the definition
Hape = 0uGpe + OGea + 0cGap (1)
implies that when one exchanges the two indices a, b, one gets
Hypoe = 0pGac + 0uGeb + 0cGpa = —0pGea — 0aGpe — 0cGap = —Hape  (2)

(and likewise for the index pairs a,c and b, ¢).
(b) One has
8anc = 8aabAc - aaacAb (3)

etc. Because 2nd partial derivatives commute, the 1st term is symmetric in
a,b, and the 2nd term is symmetric in a, c. Therefore neither of them can
appear in the totally anti-symmetric combination Oy Fpe 4 Op Frq + Oc Fup. Thus
this linear combination is identically zero,

Fop= 0,4y — WAy, =  OuFpe + OpFog + O0cFqp =0 (Bianchi Identity) .
(4)
One can of course also verify this explicitly,
0aO0pAc — 0q0:.Ap + Op0cAgq — Op0aAc + 0c0, Ay — 0:0pAq =0 . (5)
(c) We consider the equations
aanc + 6cha + acFab =0 (6)

with Fp; expressed in terms of E, B', i.e. Fo1 = —F1/c, Fi1o = Bs etc. Let us
look at the three cases in turn:
i. Two indices equal (a = b, say): 0uFuc + 0y Feq + OcFaq = 0 is identically
satisfied because Fy, = 0 and F,. + F., = 0. Alternatively, this follows
directly from the total anti-symmetry of (6).

ii. All 3 indices spatial. Without loss of generality we can take (a,b,c) =
(1,2, 3) (because any other choice is related to this one by anti-symmetry).

Then we have
O Fo3 + 09 F31 + O3F51 = 0181 + 0By + 93B3 = ﬁé =0 (7)
iii. One index time, the others spatial, e.g. (a,b,c) = (0,1,2):

80F12+31F20—|—62F01 = c_l(ﬁtB3+61E2—82E1) = 6_1(6XE+8t§)3 =0
(8)

(and likewise for the other components).



2. THE DUAL FIELD STRENGTH TENSOR
The dual field strength tensor is defined by
Fab _ %fadech ’ (9)

with €%°? totally anti-symmetric, and 9123 = —1.

(a) As a consequence, one has
OuF?0 = Letg,Fy = %eadeO[ach] (10)

abed

(because of the contraction with e only the totally anti-symmetric part of

0y Fq contributes). Therefore

O F?P=0 < OaFeq =0 & OoFeq+ cyclic permutations =0 .

(11)
(b) Explicitly, the components of the dual field strength tensor are
FOl — %Eolchcd — %(60123}723 4 60132F32) — 60123F23 — —F23 (12)
23— %623Cchd _ B OBE g
etc. In terms of E and B this means
FOl:—Bl s FQS:El/C (13)
etc. The equation 9, F® = 0 can then be written as
9, F° = 9F°=V.B=0 (14)
&yﬁaj = 80F’0j + 6115” = —C_latBj — c‘leﬂk&-Ek
1 — = —
- —7(8tB+V><E) ~0, (15)
& J
which proves the assertion.
3. LORENTZ INVARIANTS
(a) Using e“'e;; = 26%, one has
L= YEWF® =3 (FuF + FgF® + FyF'7) = § (B2 - ¢ 2E2) (16)
Iy = {FuF =7 <FOiF0i + FioF + Ejﬁij)
= % (2071EiBi + eijkBkcilglel) = CilE, . g (17)

(b) If E = 0 in one inertial system, then I; > 0 and I = 0 in all inertial systems,
and thus E.B = 0 and |E/c| < |B| in all inertial systems.
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When Fy, = 9,Ap — 9y A, one has

Ou (€™ Ay Fut) = €0, Ap) Foa + € Ay, Fo

= %e“de((‘)aAb - 8bAa)ch + EadeAba[ach] (18)
= %GadeFachd +0= Fabﬁ'ab .
Therefore
0 =N Fy = 0,0%= FuF? . (19)

While 0,C? is gauge invariant, C* itself is not. When A, — A, + 0, V¥, one

has

OO = O 4 () Fry = C° + 9y (\yeabchcd) (20)
(where the last step again follows from the Bianchi identity).
Using Fy, = AaCAbdFCd, one wants to compute the transformation of Fij

which contains the magnetic field components. To do this we need the matrix
A = (LT)~1. Since L is symmetric, and for the inverse transformation one

has o — —a, A is the matrix

cosha sinha 0 0
(Aab> _ sinha cosha 0 0 (21)
0 0 10
0 0 0 1
With it one computes:
Fyj = AA'Foq=AAJFoy + AN Fyo + AFAFy
= (AiOAjl - A,L»IAJ-O) For+ AFA/Fy (22)
such that
Flg = sinh aFyo 4+ cosh aFis = —C_l’yﬁEQ + ~vBs (23)
Fgg = Fy (24)
F31 = —sinhaFys + coshaFs = ¢ 'yBEs + vBy (25)
from which one can read off the transformation of the magnetic field :
B, = B
By = 4By+c 'ByE;s
By = 7B3—c 'ByE, (26)



